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Iterative entanglement distillation for nite resoures
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We disuss a spei entanglement distillation sheme under the onstraint of nite samples of
entangled qubit pairs. It is shown that an iterative proess an be expliitly formulated. The average
delity of this proess an be enhaned by introduing onditional storing of entangled qubit pairs
in eah step of the iteration. We investigate the orresponding limitations on the size and the initial
delity of the sample.
PACS numbers: 03.67.Mn
I. INTRODUCTION
The quantum onept of entanglement is the most in-
triguing feature that allows to establish new physial
paradigms in information proessing. The orresponding
non-lassial protools need a ertain degree of entangle-
ment as a quantum resoure [1℄. Consequently one has
to understand how entanglement an be proessed and
how it an be measured [2, 3℄.
In this respet the typial situation is the following.
Several parties share omponents of an entangled sys-
tem. Proessing of entanglement then means that they
an perform loal unitary operations and loal measure-
ments on their respetive parts of the omplete system.
Under these onditions it has been shown [4, 5, 6, 7, 8℄
that two parties, supplied with non-maximally entangled
qubit pairs, an extrat a sample of stronger entangled
pairs. But so far no general approah to optimal distil-
lation exists. However, in order to improve the delity,
modiations of the original versions have been proposed
[9, 10, 11℄. Lower bounds for the delity of entangle-
ment distillation based on faulty loal operations have
also been studied [12℄.
In the present work we investigate the entanglement
distillation protool desribed in [6℄ for the ase that only
a nite sample of entangled qubit pairs is available. In
partiular, we propose a relatively simple, iterative distil-
lation sheme that starts from a nite number of idential
pairs and delivers a distilled pair appliable for further
ommuniation tasks. The behaviour of the orrespond-
ing mean delity turns out to be partiularly interesting
for small initial samples of entangled qubit pairs.
II. ENTANGLEMENT DISTILLATION
For any non-lassial ommuniation, entangled sys-
tems rst have to be distributed between a sender (Al-
ie) and a reeiver (Bob). In the ourse of this distribu-
tion the systems are inuened by various noise soures,
whih redue the amount of entanglement. Any distilla-
∗
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tion proess for suh distributed systems is restrited to
loal operations and lassial ommuniation (LOCC) of
the parties. Moreover, realisti entanglement distillation
shemes have to take into aount errors [12℄ and the fat
that Alie and Bob share only a nite amountN of mixed
entangled systems. In the present paper we fous on the
latter restrition regarding resoures.
The expliit distillation protool we refer to was intro-
dued in Refs. [4, 6℄. In the present work we only study
this spei distillation proess under the onstraint of -
nite resoures. However, other highly eetive distillation
protools have been proposed in the literature. Their ex-
lusion in the present disussion does not mean that they
annot be applied to nite resoures. In partiular, the
quantum hashing protool [5℄ an be well appliable to
nite resoures and presumably leads to highly distilled
qubit pairs. It will, however, need a onsiderable eort
for the orresponding book keeping of the so-alled likely
sets.
The proess [4, 6℄ onditionally inreases the delity
F (ρˆ) ≡ tr
(
Φ
+ρˆ
)
= A (1)
of the Bell-diagonal mixed state
ρˆ = AΦ+ +B Ψ− + C Ψ+ +DΦ− (2)
desribing a qubit pair, where we introdued the abbre-
viationsΦ
± ≡ |φ±〉〈φ±| and Ψ± ≡ |ψ±〉〈ψ±| for the four
Bell-states.
This state is non-separable if any of the oeients
A, B, C or D is larger than 1/2 [13℄. Without loss of
generality we hoose A > 1/2.
The entral element of the protool is a CNOT trans-
formation. We briey reall the basi ideas [4, 6℄. Two
qubit pairs 1 and 2 eah desribed by the state ρˆ, Eq. (2),
are proessed in one step. Alie holds the qubits 1A and
2A and Bob holds the qubits 1B and 2B. These qubits an
now be treated loally using a sequene of operations [6℄:
(I) Alie and Bob rotate their qubits loally. These rota-
tions exhange the Ψ
−
ontribution with the Φ
−
ontri-
bution of the initial state ρˆ, Eq. (2) [20℄. (II) Alie and
Bob then perform CNOT operations on their respetive
qubits. The qubits of pair 1 (qubits 1A and 1B) at as
ontrol qubits. (III) Both measure their target qubits
(qubits 2A and 2B) in the omputational basis {|0〉, |1〉}.
They obtain either the result 0 or 1. (IV) Alie and
2Bob lassially ommuniate their measurement results.
The distillation is suessful with probability
p(s) ≡ (A+B)2 + (C +D)2 (3)
if the ombined result reads 00 or 11. Then they
keep pair 1 now desribed by the onditioned density
operator
ρˆ(s) =
1
p(s)
[
(A2 +B2)Φ+ + 2CDΨ−
+ (C2 +D2)Ψ+ + 2AB Φ−
]
.
(4)
If Alie and Bob read o the results 01 or 10, the
redued density operator of pair 1 reads
ρˆ(u) =
1
1− p(s)
[
(AC +BD)Φ+ + (AD +BC)Ψ−
+ (AC +BD)Ψ+ + (AD +BC)Φ−
]
.
(5)
In this unsuessful ase Alie and Bob disard pair 1.
In the suessful ase pair 1 is mapped from a Bell-
diagonal state ρˆ, Eq. (2), to the Bell-diagonal state ρˆ(s),
Eq. (4). The orresponding new delity is given by
F (ρˆ(s)) =
A2 +B2
(A+B)2 + (C +D)2
, (6)
whih is higher than the initial delity for A > 0.5.
However, this delity does not ompletely desribe the
single-step proess. A omplete desription also has to
take into aount the unsuessful ase. The distillation
proess then leads to the onditioned density operator
ρˆ(u), Eq. (5). Hene if we are interested in the perfor-
mane of this partiular distillation proess, we have to
take into aount the delity F (ρˆ(u)) ≤ 12 . On the other
hand, using loal operations and lassial ommuniation
the parties an always generate two qubits with delity
1
2
if the unsuessful ase ours. Applying suh additional
operations we an dene the average delity
〈F 〉 ≡ p(s)F (ρˆ(s)) + (1− p(s))
1
2
= A+B(1 − 2A)
(7)
for a single step proess. For all possible values of B the
average delity 〈F 〉 turns out to be equal to or less than
the original delity A. This is of ourse also true for the
average delity
〈F˜ 〉 ≡ p(s)F (ρˆ(s)) + (1− p(s))F (ρˆ(u))
= A2 +A(C −B) +B(1− C)
(8)
based on the density operator ρˆ(u), Eq. (5). This is on-
sistent with the fat that the total amount of entangle-
ment annot inrease under a LOCC proess [3℄.
However, we emphasise that so far we have just dis-
ussed a single distillation step performed on two entan-
gled qubit pairs. The situation beomes dierent and
more interesting when we now onsider a nite ensemble
with N > 2 pairs.
III. DISTILLATION FOR A FINITE SET OF
ENTANGLED SYSTEMS
Alie and Bob now perform the distillation sheme
with an even number N of pairs[21℄.
After one distillation step they have j ≤ N/2 pairs left
with probability
p(N, j) =
(
N/2
j
)[
p(s)
]j[
1− p(s)
]N/2−j
, (9)
whih ontains the suess probability p(s), Eq. (3).
The totally unsuessful ase ours when all pairs
have to be disarded, that is j = 0, in a single distil-
lation step. Hene starting from N pairs we an dene
the average delity
〈F 〉(N) ≡ p(N, 0) F (u) + [1− p(N, 0)] F (ρˆ(s)) (10)
using the density operators ρˆ(s), Eq. (4), and the -
delity F (u) for the unsuessful ase. With an inreasing
amount N of pairs the average delity 〈F 〉(N) also in-
reases beause of the dereasing probability p(N, 0) to
lose all qubit pairs. Using Eq. (10) one nds that
N
min
= 2
ln
[
A− F (ρˆ(s))
F (u) − F (ρˆ(s))
]
ln(1− p(s))
(11)
pairs are needed to obtain an average delity
〈F 〉(N
min
) = A. This minimal number N
min
of qubit
pairs shows a strong dierene depending on the hoie
for F (u). Figure 1 shows the minimal size N
min
for a
nite ensemble desribed by Werner-states (B = C =
D = (1−A)/3) [15℄. If we simply hoose F (u) = F (ρˆ(u))
to haraterise the CNOT distillation itself we obtain a
strong dependene (dashed urve) on the initial delity
A. In partiular, N
min
diverges like ln(A− 12 ) for A→
1
2 .
If, on the other hand, we substitute the LOCC bound-
ary F (u) = 12 , we always get nite values for Nmin whih
only depend weakly on A. In the plot one an therefore
learly identify the region where on average the delity
inreases, that is 〈F 〉(N) > A.
Moreover, if j ≥ 2 pairs are left after suh a rst step
we an ontinue with the distillation. We onsider suh
an iteration in the following paragraph.
IV. ITERATIVE DISTILLATION
The resulting state ρˆ(s) of a suessful distillation step
is again Bell-diagonal and hene the omplete proess an
be applied iteratively, as long as qubit pairs are left to
use. Starting from an initial density operator ρˆ
(s)
0 ≡ ρˆ,
Eq. (2), the density operator ρˆ
(s)
i−1 is mapped on a density
operator ρˆ
(s)
i if the i
th
distillation step was suessful.
The orresponding oeients of the Bell-projetors, see
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FIG. 1: Minimal size N
min
, Eq. (11), of the nite sample of
entangled qubits to obtain an average delity 〈F 〉(N
min
) = A
in a single step distillation. The urves have been alu-
lated for spei Bell-diagonal states (Werner-states) with
B = C = D = (1−A)/3. Nevertheless, they show the generi
behaviour. The dashed urve results from the substitution
F (u) = F (ρˆ(u)) in Eq. (11) and diverges for small initial -
delities. In ontrast to this, the minimal size for the LOCC
hoie F (u) = 1
2
stays always nite (solid urve). Clearly for
A→1 we obtain N
min
= 2.
Eq. (4), transform as


A
(s)
i
B
(s)
i
C
(s)
i
D
(s)
i

 =
1
p
(s)
i


(
A
(s)
i−1
)2
+
(
B
(s)
i−1
)2
2 C
(s)
i−1 D
(s)
i−1(
C
(s)
i−1
)2
+
(
D
(s)
i−1
)2
2 A
(s)
i−1 B
(s)
i−1

 (12)
with the orresponding suess probability p
(s)
i . This
mapping was studied in detail in Ref. [14℄.
If, however, the ith step was unsuessful we have in
priniple a mapping from ρˆ
(s)
i−1 to ρˆ
(u)
i . In general, the
density operator ρˆ
(u)
i , see also Eq. (5), has a lower delity
than
1
2 , whih is the delity of the density operator that
an be generated by a LOCC proess. If the step was
unsuessful we therefore assume from now on that Alie
and Bob perform appropriate operations to prepare loal
qubits with delity F (u) = 12 .
A full iteration of the entanglement distillation for -
nite quantum resoures has to take into aount all pos-
sible ombinations of these suessful and unsuessful
steps. Our aim then is to obtain at the end of a CNOT
distillation an entangled qubit pair with an average -
delity as high as possible.
Note that one an also ask a dierent question for a
small nite sample. Can we distil a single qubit pair with
very high delity if we allow for a lower suess proba-
bility? That is, we do not are if the distillation fails
several times, but when it is suessful it must deliver a
highly entangled pair. Then the CNOT distillation pro-
ess seems to be not very suitable. In this ase quantum
n := N qubit pairs
n even ?
Purify n qubit pairs
⇒ j purified pairs with
probability p(n, j),Eq. (9)
yes
j > 2
n := j
Save one pair
n := n−1
j = 2 and
pair saved?
no
yes
yes
j 6= 0 or
pair saved?
no
Unsuccessful distillation
Fit = 12
no
no
Successful distillation
j > 0 : Fit = Fidelity of pairs of last iteration
j = 0 : Fit = Fidelity of last saved pair
yes
FIG. 2: Flow hart for the iterative CNOT distillation sheme
with nite quantum resoures. Starting from N qubit pairs
we extrat a distilled pair. In every step n/2 projetive mea-
surements are performed and some qubit pairs have to be dis-
arded. To inrease the average delity a bakup pair an be
saved in every iteration step for an odd number n. Moreover,
the iteration stops if only two pairs are left after the proje-
tive measurement and no bakup pair was saved previously.
Rarely the distillation may still fail if no pair was saved and
all pairs after the last projetion have to be dismissed. The
sheme also denes the orresponding delity F
it
of the iter-
ative proess. Averaging over many runs we obtain 〈F
it
〉(N)
for N qubit pairs.
hashing an turn out to be a powerful method.
The omplete iterative CNOT distillation proess for
nite resoures an be expressed in algorithmi form. For
a given initial density operator the proess depends only
on the initial amount of entangled qubit pairs shared by
Alie and Bob. An important iterative improvement of
the proess an be ahieved for odd numbers of qubit
pairs. In eah step of the iteration we may obtain an odd
number n of pairs and hene in the simplest ase we an
store the additional pair as a bakup [16℄. This bakup
pair an be used whenever we would have to disard all
pairs in some further step of the iteration.
The stop ondition of the algorithm depends on the
spei aim of the proess. As we have already seen in
Eq. (7), it is impossible to obtain an inrease of the aver-
age delity for two qubit pairs. So if we end up with only
two pairs left after a distillation, it seems to be unwise
to ontinue with the iteration, in partiular if we have
4stored no bakup so far. The orresponding ow hart
of suh an algorithm is shown in Fig. 2. The average -
delity 〈F
it
〉(N) of the iterative proess an be omputed
using this algorithm.
In the following example we present the behaviour of
suh an iterative distillation proess. We simulate the
proess using the probability p(n, j), Eq. (9), to obtain
j qubit pairs when starting from n. Moreover, we need
the mapping of Eq. (12).
V. EXAMPLE OF THE ITERATIVE
DISTILLATION FOR SMALL FINITE SETS
To demonstrate the behaviour of the iterative distilla-
tion we have again hosen Werner-states (B
(s)
0 = C
(s)
0 =
D
(s)
0 = (1−A
(s)
0 )/3) as initial states.
0.5 0.6 0.7 0.8 0.9 1.0
1.00
1.05
1.10
A
(s)
0
〈Fit〉(N)/A
(s)
0
FIG. 3: Relative average delity 〈F
it
〉(N)/A
(s)
0
of the iteration
as a funtion of the initial delity A
(s)
0
for dierent amounts
N of qubit pairs. The initial states are again Werner-states
(B
(s)
0
= C
(s)
0
= D
(s)
0
= (1 − A
(s)
0
)/3). For N = 4 qubit pairs
(solid line) we only get an improvement if A
(s)
0
> 0.65. For
greater amounts of qubit pairs we always get an improvement.
The advantage of the bakup an be seen by omparing the
two ases N = 5 (dotted line) and N = 6 (dashed line). Due
to the fat that for odd numbers we always have a bakup
pair, the average delity beomes higher as ompared to the
surrounding even ases.
First we ompare in Fig. 3 the relative average delity
〈F
it
〉(N)/A
(s)
0 as a funtion of the initial delity A
(s)
0 for
small resoures of qubit pairs. In aordane with the
algorithm of the previous paragraph we have alulated
the nal average delity 〈F
it
〉(N) with bakup for N = 4
(solid line), N = 5 (dotted line) and N = 6 (dashed line)
pairs. We see that N = 5 pairs are on average always
superior to the nearby even ases, beause for an odd N
already in the rst step of the distillation a bakup pair
is stored. For N = 4 there is a minimal initial delity
whih is needed to have a suessful iterative distillation.
Seond, we show in Fig. 4 the generi behaviour of
the average delity 〈F
it
〉(N) depending on the avail-
able amount N of pairs. We ompare the iterative
2 6 10 14 18 22 26 30
0.7
0.8
0.9
1.0
N
〈Fit〉(N)
FIG. 4: Comparison of the average delities of an iteration
depending on the amount N of initially aessible qubit pairs.
The plot shows the average delities of iterative shemes
without bakup (dotted urve), with bakup (dashed urve),
Fig 2, and the mapping of the ompletely suessful ase (solid
urve), Eq. (12). We show their behaviour for the mentioned
example state with an initial delity A
(s)
0
= 0.75. The plot
again shows the advantage of storing one pair in the ase of
odd numbers N . It turns out that for even numbers N it is
on average advantageous to drop one pair and to start the
distillation with one pair less. This shows that simple bakup
shemes improve the CNOT distillation and more sophisti-
ated methods an ertainly be disussed.
results without and with bakup for a xed initial -
delity A
(s)
0 = 0.75 to the ompletely suessful mapping,
Eq. (12). Storing a bakup pair in the ase of an odd
amount learly leads to a higher average delity. The
zigzag in the urves reveals the dierene between odd
and even numbers N of pairs. If the iteration starts with
an odd number of entangled qubit pairs, at least one pair
is always saved. One an even see that for even numbers
it is on average better to drop one pair before performing
the rst distillation step. Although this means to start
with one pair less, the average delity is higher. This is
most obvious for small nite ensembles.
VI. CONCLUSIONS
In the present paper we have analysed an iterative
sheme for a known distillation protool. This protool
is espeially useful for the implementation of an iteration
sine it puts very low restritions on the density oper-
ators of the proessed systems. In partiular, we have
emphasised the appliation to nite quantum resoures.
In this respet it was possible to demonstrate the limi-
tations on the needed number of entangled qubit pairs
as well as on their initial entanglement for a suessful
distillation. Stronger entanglement an be obtained it-
eratively already for small initial numbers of pairs, even
though many pairs have to be saried in order to obtain
one distilled pair. We have lowered this loss by introdu-
5ing bakup pairs in our algorithmi desription.
Clearly this is not the only possibility to ahieve itera-
tive entanglement distillation. First, one an think of re-
yling bakup systems in the distillation proess. This,
however, works only in a rather narrow regime in whih
the delities of the reyled pairs are lose. Seond, it
is also possible to iterate ompletely dierent distillation
methods, like quantum hashing [4℄ for nite resoures.
Both possibilities need a onsiderable amount of book
keeping in ontrast to the iteration presented here.
Finally, it would be important to simulate distillation
for an experimental system, whih oers a way to ontrol
a nite number of qubit pairs. A possible andidate for
this would be an optial lattie lled with atoms, whih
an be ontrolled by ollisions [17, 18, 19℄.
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